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ADDITIVITY OF MAPS PRESERVING JORDAN 
r;,-PRODUCTS ON C^-ALGEBRAS 

ALI TAGHAVI*, HAMID ROHI AND VAHID DARVISH 


Abstract. Let A and B be two C*-algebras such that B is prime. In 
this paper, we investigate the additivity of map from A onto B that are 
bijective unital and satisfies 

^{AP + r]PA*) = $(A)$(P) +? 7 $(P)$(A)*, 

for all A € A and P € {Pi,f.A ~ ^ 1 } where Pi is a nontrivial projection 
in A. Let r; be a non-zero complex number such that \ri\ 7 ^ 1 , then <I> is 
additive. Moreover, if 77 is rational then <I> is ^-additive. 


1. Introduction 

Let TZ and TZ be rings. We say the map ^ TZ ^ TZ preserves product or 
is multiplicative if $(Ai?) = $(A)$(R) for all A^B gTZ. The question of when 
a product preserving or multiplicative map is additive was discussed by several 
authors, see [35] and references therein. Motivated by this, many authors pay 
more attention to the map on rings (and algebras) preserving the Lie product 
[A, B] = AB — BA or the Jordan product AoB = AB BA (for example, Refs, 
ref [Ulllini Uni HSl HSl HZl im im HSI)- These results show that, in some sense, 
the Jordan product or Lie product structure is enough to determine the ring or 
algebraic structure. Historically, many mathematicians devoted themselves to 
the study of additive or linear Jordan or Lie product preservers between rings or 
operator algebras. Such maps are always called Jordan homomorphism or Lie 
homomorphism. Here we only list several results [31111121HH HU Hll HU HSl HI] . 

Let 7^ be a =i=-ring and 77 be a non-zero complex scalar. For A,BgTZ, denoted 
the Jordan ? 7 *-product of A and B as Au^jB = AB + rjBA* and Lie ry^-product as 
[A, R]* = AB — r]BA*. Particulary A»ii? = AB + BA* and [A, R]^ = AB — BA* 
are Jordan l*-product and Lie l*-product, respectively. These products are 
found playing a more and more important role in some research topics, and its 
study has recently attracted many author’s attention (for example, see [T] HD] 
[26]). A natural problem is to study whether the map $ preserving Jordan r]^- 
product or Lie 77 ^-product on ring or algebra 7^ is a ring or algebraic isomorphism. 
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In [8], J. Cui and C. K. Li proved a bijective map $ on factor von Neumann 
algebras which preserves the Lie l*-product ([^,-B]];) must be a *-isomorphism. 
Moreover, in m C. Li et al, discussed the nonlinear bijective mapping preserving 
Jordan l*-product [A *1 B). They proved that such mapping on factor von 
Neumann algebras is also =i=-ring isomorphism. These two articles discussed new 
products for arbitrary operators on factor von Neumann algebras. Also, A. 
Taghavi et al [27], proved a bijective unital map (not necessarily linear) on 
prime C'*-algebra which preserving both Lie l*-product and Jordan l*-product 
for which one of operators is projection must be ^-additive (i.e., additive and 
star-preserving). In a recent paper [^, L. Dai and F. Lu proved a bijective map 
$ on von Neumann algebras which preserving Jordan ? 7 *-product is a linear *- 
isomorphism if rj is not real and $ is a sum of a linear ^-isomorphism and a 
conjugate linear ^-isomorphism if rj is real. 

In this paper, we will discuss such a bijective unital map on prime C'*-algebra 
which preserving Jordan r^^-product P) = <I>(A) ^{P) is additive. We 

denote real part of an operator T by 3?(r), i.e., 5ft(T) = . It is well known 

that C*-algebra A is prime, in the sense that AAB = 0 for A,BgA implies 
either A = 0 or i? = 0. 


2. Main Results 

We need the following lemmas for proving our Main Theorem. 

Lemma 2.1. Let A and B be two C*-algebras and ^ : A ^ B be a map which 
satisfies $(A P) = $(A) ^(P) for all A G A and some P G A where rj is a 

non-zero complex number such that [lyl ^ I. Let A,B and T be in A such that 
<I>(T) = <I>(A) J- $(i?). Then we have 

$(T.^P) = $(A.^P) + $(R.^P). ( 2 . 1 ) 

Proof. Multiply the equalities $(P) = $(A)-|-$(P) and $(r)* = $(A)*-|-$(P)* 
by $(P) from the right and 77 $(P) from the left. We get 

$(r)$(P) = $(A)$(P) -f $(P)$(P), 

and 

^$(P)$(T)* = 77$(P)$(A)* -f 77$(P)$(P)*. 

By adding two equations, we have 

$(r)$(P)-f77$(P)$(r)* = $(A)$(P)-fr/$(P)$(A)*-f$(P)$(P)-f77$(P)$(P)*. 

□ 

Lemma 2.2. Let A be a C*-algebra. Suppose T G A and tj be a non-zero 
complex number such that \r]\ 1. If T -\- rjT* = 0 then T = 0. 

Proof. Let T-GrfT* = 0, we can also write T* -GffT = 0. By an easy computation 
we have (1 — fjri)T = 0. Then, T = 0. □ 
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Lemma 2.3. Let A and B be two C* -algebras with identities and ^ : A ^ B be a 
map which satisfies ^{A*riP) — for all A € A and P € {Pi, /—Pi} 

where Pi is a nontrivial projection in A and rj is a non-zero complex number 
such that \r]\ 1, then $(0) = 0. 

Proof. Let $(T) = 0, we prove that T = 0. For showing this, apply Lemma [23] 
to <i>(T) = 0 for Pi and P 2 , we have 

$(P.^Pi) =0, 

and 

HT,^P2)=0. 

So, by injectivity of $ we obtain T Pi = T P 2 . By definition of Jordan 
? 7 *-product we have TPi + pPiT* = TP 2 + r]P 2 T*, i.e., (TPi — PP 2 ) + p{TPi — 
TP 2 )* = 0. Now, by implying Lemma [2.21 we obtain TPi = PP 2 , we multiply 
the latter equation by P 2 from right side, it follows TP 2 = 0. So, PPi = 0. 
Now, we put / — P 2 instead of Pi in TPi = 0, then we obtain T{I — P 2 ) = 0. 
Therefore T = 0, since TP 2 = 0. □ 

. Our main theorem is as follows: 

Main Theorem. Let A and B be two C*-algebras such that B is prime, with Ij, 
and /g the identities of them, respectively. If $ : .4 —>■ 6 is a unital bijective map 
which satisfies ^{A P) = $(4) ‘h(P) for all 4 € ^ and P € jPi, Ia — Pi} 

where Pi is a nontrivial projection in A and ry is a non-zero complex number 
such that |? 7 | y/ 1. Then, $ is additive. Moreover, if rj is rational then $ is 
=i=-additive. 

Proof of Main Theorem. Let P 2 = I a — Pi- Denote Aij = PiAPj, i,j = 1,2, 
then A = J2i,j=i Aj. For every A& Awe may write A = An-|-4i2+ ^21 +^ 22 . 
In all that follows, when we write Aij, it indicates that Aij G Aij. 

For showing additivity of $ on yl we will use above partition of A and give some 
claims that prove $ is additive on each Aij, i,j = 1,2. 

Claim 1. For every An G -4ii and D 22 G A 22 , we have 

$(4ii -|- D 22 ) — ^(4ii) -l- $(P22)- 

Since $ is surjective, we can find an element T = Tn + P 12 + T 21 + T 22 G A 
such that 

$(P) = $(Aii) + $(P22), (2.2) 

we should show T = An -\- ^ 22 - We apply Lemma ETT] to (12.21) for Pi, then we 
can write 


$(T •r, Pi) = <^{An •r, Pi) + HD22 •r, Pi) 
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SO, 

+ T 21 + + ryT^i) = ^An + 

by injectivity of $, we get Tu + T 21 + = ^11 + V^ii- 

Multiply latter equation by P 2 from right and left side respectively we obtain 
T 21 = T^i = 0. So, we have Tn + TyTj"^ = An + or (Tn - ^n) + r]{Tii - 
All)* = 0. By Lemma \2^ we get Tn = An- 
Similarly, we apply Lemma 12.11 to (12.21) for P 2 , we have 

P 2 ) = <^{An P 2 ) + <^{022 •r, P 2 ), 

so, 

HT12 + T22 + vTi 2 + r]T*2) = $(L»22 + VDI2). 
by injectivity of $, we get T12 + T22 + riT^2 + ^^2*2 = ^22 + ??-D22- 
Multiply latter equation by Pi from right and left side respectively we obtain 
Ti2 = T^2 = 0 - So, we have T22 + 11X22 = D22 + or (T22 - D22) + f ?(722 — 

D22)* = 0 . By Lemma [221 we get T22 = D22- 

Claim 2 . For every Bn G M12, ^21 £ ^21, we have 

$(i?i2 + ^ 21 ) = ^{Bn) + ‘h(C2i). 

Let T = Tn + Tn + T 21 + T 22 £ M be such that 

$(r) = $(Bi2) + $(C2i). (2.3) 

By applying Lemma [27T] to (12.3|) for Pi, we have 

$(r.^Pi) = $(Pi2*^Pi) + $(C'2i.^Pi) 

= ^{C2l*r,Pl)- 

Thus, by injectivity of $ we have T Pi = C 21 •n Pi- It follows that 

Tn + T21 + ryP*! + rjT*, = C21 + vCn- 

Multiply above equation by P 2 from left side we have T 21 = C 21 and Tn = 0. 
Similarly, we can obtain Tn = Bn and T 22 = 0 by applying Lemma [2TT] to (12.31) 
for P 2 - 

Claim 3 . For every An £ An emd Bn £ -^12; we have 
d>(Aii + P12) = $(>lii) + <I*(Pi 2 ). 

Since $ is surjective, we can find an element T = Tn + T 12 + T 21 + T 22 £ A 
such that 

$(T) = $(Aii) + $(Pi2), (2.4) 

we should show T = An + Bn- We apply Lemma Ed] to (j2.4l) for Pi, then we 
can write Tn = An and T 21 — 0 . 

Similarly, we apply Lemma l2.ll to (12.4p for P 2 , we will have T 12 = P 12 and 
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T22 = 0 . So, T = All + Bi2. 


Note that ^{C^i + D22) = $(^21) + ^{022) where C21 € ^21 and D22 G . 4,22 
can be obtained as above. 


Claim 4. For every An G An and C 21 G .421, we have 
‘h(4ii + C 21 ) = 4>(4ii) + ^{C 2 i)- 

Since $ is surjective, we can find an element T = Tn + T 12 + T 21 + T 22 G A 
such that 

$(T) = $(4n) + $(C2i), (2.5) 

we should show T = 4ii + Cn- We apply Lemma 12.11 to ()2.5p for P 2 , then we 
have $(T 9^ P 2 ) = 0. It means $(Ti 2 + T 22 + i?'r *2 + V'^ 22 ) = 0- By Lemma [2731 
and Lemma we obtain T 12 — T 22 — 0. 

On the other hand, We apply Lemma 12.11 to (12.5p for Pi, then by Claim [31 we 
have 


$(T.,,Pi) = 


Then we get following 


$( 4 n •r, Pi) + <^{C 2 l •r,Pl) 

<i>(4.ii + rjAh) + ‘I’(C'2i + ijC^i) 

$(4ii + rjAl,) + + ( 7 ? - 1)C;,) 

$(4n + r^A*n + 2?StiC;i) + (77 - l)C;i) 


HTii + T21 + 77 T*i + T;,) = $( 4 n + rjA*,^ + C21 + vC;^). 

Now, we imply Lemma 12.21 to obtain Tn = An and T21 = C2i- 


Note that <l>(i?i 2 + D 22 ) = + $(£> 22 ) where B 12 G .4i2 and D 22 G .422 

can be obtained as above. 

Claim 5. For every Aij, Bij G Aij such that 1 < i ^ j <2, we have 

^{Aij + Bij) = $(4y) + ^{Bij). 

Let T = Tn + £12 + £21 + T 22 G 4, be such that 

$(r) = $(4,, ) + $(£,,). (2.6) 

By applying Lemma 134] to (12.61) for Pi, we get 

$(TP, + 7jP,T*) = $(4yP, + 77P,4L) + $(PyP, + 77P,P*) = $(0) = 0, 

therefore, ^{Tii+Tji + r]T*^+r]T*^) = 0. So, by Lemma [3?3] we have Tu = Tji = 0. 
On the other hand, we apply Lemma 12.11 to ()2.6p for Pj again, by Claim [31 it 
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follows 


^TP,+r^P,T*) 


So, 


+ r,P,A*^) + ^B,,P, + r^P,B*^) 

+ t^A*^) + ^B,, + r^B*^) 

$(25R(A^) + (r, - 1)A^) + $(2r,»(i3.,) + (1 - r^)B,,) 
<i>(25R(Al^) + {ti- 1)A*^ + 2ti^{B,,) + (1 - r;)i?y) 
^{Aij + rjAlj + Bij + r]B*j). 


T^J+T,,+l^^+rf^*^= A, + rjA*^ + B,, + rjB*^. 


By Lemma 12.21 we have Tjj = 0 and = Aij + Bij. 


Claim 6 . For every An G An, B12 G An, C21 G . 421 , we have 
$( 4 ii + Bi2 + C21) = 4 ’( 4 ii) + $(i?i2) + $(^21). 


Let T = Til + Ti 2 + T 21 + T 22 G 4l be such that 


$(T) = $(4n) + $(Si2) + $(C2i). (2.7) 

By applying Lemma I^TT] to (12.71) for P 2 , we have 

$(r P 2 ) = d)(4.ii P 2 ) + ^{Bi 2 •rj P 2 ) + 4>(C21 •rj P 2 ) 

= ^{Bi2*nP2)- 

Thus, by injectivity of $ we have T 9^] P 2 = B 12 •rj P 2 - It follows that 
T 22 + Ti 2 + rjT22 + rjTn = Bn + rjBn- 


Multiply above equation by Pi from left side we have T 12 = Bn and T 22 = 0. 
Similarly, we apply Lemma ETT] to (12.71) for Pi. By Claim[3J we have the following 


$(T •r^Pi) 


<^>{An Pi) + <^{Bn Pi) + $(^21 •r, Pi) 

.^Pi) + $(C2i •^Pi) 

$(7lii+ 77 ^* 1 ) +$(C21+7?C*i) 

$(An + vA*n) + <^mC^i) + (r? - l)C*i) 
$(7ln + vA*n + 25i(C2*i) + (r/ - l)C|i) 
$(4.11 + vAii + C 21 + rjC^i) 


Injectivity of $ implies Tn + 72i + r]Tn + V^^i = 4ii + C 21 + flAh + rip'll ■ We 
have Xii = 4ii and T 21 — C 21 . 


Claim 7 . For every An G An, Bn G An, C '21 G 42i and D22 G 422 we have 
$( 4 ii + Bn + C21 + D22) = $( 4 ii) + $(i?i2) + $(^21) + $( 7 l 22 )- 
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Assume T — Tn + T12 + T21 + T22 which satisfies in 


$(r) = $(Aii) + $(^ 12 ) + $(C'2i) + $(£> 22 ). (2.8) 

By using Lemma 12.11 to (12.81) for Pi , Claim [5] and Claim [51 we obtain 


$(T .^Pi) 


^{Aii •rj Pi) + d)(Pi2 •rj Pi) + $(£'21 •rj Pi) + ^{D22 •r} Pi) 

•rj Pi) + d>(C21 •rj Pi) 

^Aii+r,A*ii) + ^C2i+vC2i) 

+ rjA*^) + $(< 721 ) + ^{v^2i) 

<^{Aii + r]A*ii + C21 + vC^i) 


Since $ is injective we have Tn + T21 + rjTii + -qT^i = An + C21 + rjAh + rjCn ■ 
We obtain Tn = An and T21 = C21. 

Similarly, apply Lemma |2.II to (12.81) for P2 and same computation as above we 
can easily obtain T12 = P12 and T22 = £>22. So, + £12 + C21 + £>22) = 

d>(Aii) + $(£ 12 ) + d>(C2i) + $(£ 22 ). 


Lemma 2 . 4 . Let 4 * satisfy the assumptions of the Main Theorem. Then, for 
every A & A we have the following 

$(A /) = 4>(A) .^$(/). 

Proof. Definition of Jordan 77 ,-product implies that 

$(A.^£i) = 4>(A).^$(£i), (2.9) 

and 

$(A.^£2) = 4>(A).^$(£2). (2.10) 

Add Equations (|2.9I1 and (|2.10l) together, we have 

$(A •n Pi) + $(A £2) = $(A) ($(£i) + $(£2)). 

By Claims [H [5] and |Zl we obtain 

$(A £1 + A £2) = $(A) $(£i -f £2), 

Equivalently, 

$(A (£1 + £2)) = $(A) $(£i + £2), 

so, 4>(A I) = $(A) •ri ^{I)- n 

Lemma 2 . 5 . Let $ satisfy the assumptions of the Main Theorem, then 4 ’(£i) 

and 4 >(£ 2 ) are nontrivial orthogonal projections in B. 

Proof. Let £ € {£ 1 , £2}, where £i for 1 < i < 2 are nontrivial projections in A. 
By Lemma l2.41 and definition of Jordan 77 ,-product we have 

$(£.^7) = $(£).„$(/) 

$(/.„£) = $(/).^$(£). 
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Since $ is unital, above equations give us 

<^>{P + r]P) = $(P)+??$(P)* 

$(P + r;P) = $(P)+??$(P), (2.11) 

we obtain $(P) = $(P)*. 

On the other hand, fi>(P*^P) = $(P)*^$(P) then ^(P+TyP) = $(P)^+77<i)(P)^. 

It follows by (12.111) that $(P) + ? 7 $(P) = <i)(P)^ + rj^^P)^. Now, Lemma [2.21 
implies $(P)2 = $(P). 

We show that $(Pi) and d)(P 2 ) are orthogonal. Let $(Pi) = Qi and $(P 2 ) = 
Q 2 , then by Claim[Tl Q 1 +Q 2 = I- Also, Q 1 .Q 2 = $(Pi).$(P 2 ) = $(Pi).($(/)- 
$(Pi))=0. □ 

Lemma 2.6. Let $ satisfy the assumptions of the Main Theorem, we have 

$(AP,) = $(A)$(P,), (2.12) 

for 1 <i <2. 

Proof. It is easy to check $(APi I) = $(A Pi). 

Above equation can be written as ^{APi)+r]^{APi)* = $(A)$(Pi)+? 7 $(Pi)fI>(A)*. 
Equivalently, 

($(AP,) - $(A)$(P,)) + ry($(AP,) - $(A)$(P,))* = 0, 

By applying Lemma [2.21 we have ^{APi) = $(A)$(Pi). □ 

Now, Claim [23] ensures that there exist nontrivial projections Qi {i = 1,2) 
such that $(Pi) = Qi and Qi + Q 2 = I- We can write B = where 

Bij = QiBQj, i,j = 1,2. 


We imply the primeness property of B just in this claim. 

Claim 8. For every An, Bn € An, 1 < i < 2 we have 

^{Aii + Bn) = $(Aii) + $(Pii). 

First, we will prove that ^{PiA+PiB) = $(PiA)+$(PiP) for every A,BgA. 
By Lemma 12.61 Claim |S] and for every Tji G Bji such that i ^ j we obtain 


($(P,A + P,P) - $(P,A) - $(P,P)) Tji = 


($(P,A + P,P) - $(P,A) - $(P,P)) QjTQ, 
iWA + P,B)Qj - $(P^A)Q, 
-^{P,B)Qj)TQ, 

($(P,APj + P,BPj) - $(PzAP,) 
-$(P,PP,))TQ, 

($(A,, + B,j) - $(A,,) - $(P,,)) TQ, 
($(A,,) + $(P,,) - <1>{A,) - <i>(P„)) TQ, 

0 . 
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By the primeness of B, we have 

^P,A + P,B) = ^P,A) + ^P,A). (2.13) 

Now, multiply the right side of equation (12.131) by $(Pi) = Qi and use Lemma 
12.61 we obtain 

+ P,BP,) = + $(P,PP,)- 


So, additivity of $ comes from Claim [SJ [71 [B 

It remains to prove $ is *-preserving for non-zero rational number 77 such that 
I 77 I 7 ^ 1. Since $ is Jordan ly^-product preserving we have 


<^>{A»^ I) = $(^) $(/), 

$ is unital, so 

-I- r]A*) = $(A) -I- r]^{A)*. 

Additivity of $ and above equation implies that 

^{r]A*) = r]^{A)*. (2.14) 


Let 17 = f, where a, b are integers. It is easy to see that 

$(1^*) = i$(A*). (2.15) 

b b 

Now, by additivity of $ and (12.151) we have $(|A*) = f^{A*). It follows that 
^{rjA*) = 77 $ (A*). Hence, by latter equation and equation (I2.14p we proved 
$(A*) = $(A)L 

□ 
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